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Lower and Upper bounds on sample complexity

• In chapter 19, there is a considerable gap between our lower and upper
bounds on sample complexity.

• The sample complexity of any learning algorithm for a class F satisfies

m(ϵ, δ, B) = Ω

(
1

ϵ
+ fatF (4ϵ)

)
.

• And there is a learning algorithm(approximate-SEM) with sample
complexity

m(ϵ, δ, B) = O

(
1

ϵ2

(
fatF (ϵ/256) log2

(
1

ϵ

)))
.

✓ There are function classes demonstrating that both rates are possible.
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Main results of this chapter

1 If a function class F is almost convex, the sample complexity of this
class is of order 1/ϵ.

2 And if F is not almost convex, the sample complexity in this case is of
order at least 1/ϵ2
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What is almost convex?
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Lower bounds for non-convex classes

Main theorem 1.

Proof)

• This is enough to show that, by positioning E(y|x) inside the ball
approximately equidistant from f1 and f2, we can make the learning
problem as the problem of estimating the probability of a Bernoulli
random variable.
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Lower bounds for non-convex classes
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2-layered networks class is not convex

• Consider the class Fk of two-layer networks, with a linear output unit
and k first-layer computation units, each with the standard sigmoid
activation function, σ(α) = 1/(1 + e−α).

• As a result, if the parameters are restricted to any compact set, the
sample complexity of this class grows as log(1/δ)/ϵ2.
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Upper Bounds for Convex Classes

Main theorem 2.



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Chapter 20: Convex Classes Chapter 21: Other Learning Problems

Upper Bounds for Convex Classes

Proof)

• Set g = lf − lfa where lf = (y − f(x))2 and apply the following
lemma.
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Upper Bounds for Convex Classes

Proof(cont.))
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Restricted model

• If the conditional expectation E(y|x) ∈ F , the rate of uniform
convergence is the same as the fast rate achieved by convex classes.
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Loss Functions in General

• We shall assume that the loss function l maps to the interval [0, 1]. (ex:
Y ∈ [0, 1])

• Given a particular loss function l, we define, for f ∈ F , the function
lf : X × Y → [0, 1] by

lf (x, y) = l(f(x), y),

and we let lF = {lf : f ∈ F} be the corresponding loss class.
• The l-error of f ∈ F with repect to a distribution P on Z = X × Y is

the expected value of lf with respect to P,

erlP (f) = Elf = El(f(x), y),

and, for z ∈ Zm, the l-sample error êrlz(f) is

êrlz(f) =
1

m

m∑
i=1

lf (xi, yi) =
1

m

m∑
i=1

l(f(xi), yi).
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Convergence for General Loss Functions



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Chapter 20: Convex Classes Chapter 21: Other Learning Problems

Learning in Multiple-Output Networks

• Suppose that F maps from a set X into Rs where s > 1.
• It would seem appropriate to use the loss function
ls : Rs × Rs → [0, 1], as follows:

ls(y, y
′
) =

1

s

s∑
i=1

l(yi, y
′

i).

• For instance, ls measures the loss as the average quadratic loss over the
outputs,

ls(y, y
′
) =

1

s

s∑
i=1

(yi − y
′

i)
2.

• For 1 ≤ s ≤ s and f ∈ F , let fi(x) = (f(x))i, the ith entry of
f(x) ∈ Rs, and let Fi = {fi : f ∈ F}.

• For f ∈ F , we define lfi : Rs × Rs → [0, 1] by lfi(x, y) = l(fi(x), y)
and we let lFi = {lfi , f ∈ F}.
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Learning in Multiple-Output Networks
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Learning in Multiple-Output Networks
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Interpolation Models

• In this section, we take a fresh approach to the question of how to
extend a basic learning model of Part I for binary classification to
models of learning applicable to real-valued function classes.
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Interpolation Models

• Therefore, there is m(ϵ, δ) such that for m ≥ m(ϵ, δ), for any
probability distribution µ in X and any function t ∈ H , the following
holds:

Pm (for any function f such that f(xi) = t(xi) for i = 1, ...,m,
µ{f(x) = t(x)} > 1− ϵ) > 1− δ.

Real-valued problem
• We extend in two different ways the restricted model of learning for
{0, 1}-classes.

• Suppose t is any function from X to [0, 1] (not necessarily in the class
F ), and µ is a probability distribution on X .

• In real-valued problem, we replace the condition f(x) = t(x) to
|f(x)− t(x)| < η.
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Interpolation Models
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Interpolation Models

Strong generalization from interpolation
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Interpolation Models

Generalization from interpolation
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A result on large margin classification

• It is possible to use our results on generalization from approximate
interpolation to derive a result useful for a restricted form of the
classification learning model of Part 2.

• Recall that in this framework, for a probability distribution P on
X × {0, 1}, a positive number γ, and f ∈ F , we define

erγP (f) = P{margin(f(x), y) < γ}.

• In Chapter 10, we proved the following convergence result:

Pm{some f in F has erP (f) ≥ êrγz (f) + ϵ}

≤ 2N∞

(γ
2
, F, 2m

)
exp

(
−ϵ2m

8

)
.
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A result on large margin classification

• the above result is similar to this, but is more specialized in two ways:
• restricted model.
• erµ(f) ≥ ϵ and êrγµ(f) = 0, not erP (f) ≥ êrγz (f) + ϵ.
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